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We study the anisotropic Bianchi I loop quantum cosmology in 2+1 dimensions. Both the µ¯ and
µ¯
′ schemes are considered in the present paper and the following expected results are established:
(i) the massless scalar field again play the role of emergent time variables and serves as an internal
clock; (ii) By imposing the fundamental discreteness of length operator, the total Hamiltonian
constraint is obtained and gives rise the evolution as a difference equation; and (iii) the exact
solutions of Friedmann equation are constructed rigorously for both classical and effective level.
The investigation extends the domain of validity of loop quantum cosmology to beyond the four
dimensions.
PACS numbers: 04.60.Pp, 98.80.Qc
I. INTRODUCTION
Loop quantum cosmology (LQC) [1, 2], which applies
principles of loop quantum gravity (LQG) [3–7] to cos-
mological settings, has been developed as a symmetry-
reduced model of the full theory of LQG, to implement
and test main ideas of LQG. Many obscure aspects in
LQG become transparent in LQC, since in LQC the
mathematical structure is much simplifier. Particularly,
the space-flat (k = 0) Friedmann-LeMaˆitre-Robertson-
Walker (FLRW) model without cosmological constant
(Λ = 0) can be solved exactly if the scalar field is used
as an internal clock already in the classical theory, prior
to quantization, and works in a suitable representation
[8]. In the exactly soluble LQC model, the big bang sin-
gularity is resolved, which is replaced by a big bounce; it
is obtained the analytical expression of the upper bound
of the energy density operator; furthermore, questions
regarding the behavior of fluctuations and preservation
of semi-classicality across the bounce can be answered in
detail. More interestingly, these features are still valid in
arbitrary spacetime dimensions [9, 10].
If one retains the homogeneity assumption but con-
sider a generalization of the k = 0 FLRW model,
like, to include a cosmological constant, spatial curva-
ture or anisotropies, one will find the singularity is al-
ways resolved, although the exact solubility does not
hold any more. The quantization of homogeneous but
anisotropic models is important for three reasons. First,
the Belinskii-Khalatnikov-Lifshitz (BKL) conjecture in
classical general relativity says that when sufficiently
close to the space-like singularity, time derivatives over-
whelm the spacial ones. Thus the behavior of the gravita-
tional field as one approaches generic space-like singular-
ities can be largely understood using homogeneous but
anisotropic models. This makes the question of singu-
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larity resolution in anisotropic models conceptually im-
portant. Second, an exciting fact of bouncing cosmo-
logical models is that the scales measured in the cosmic
microwave background (CMB) can be in causal contact
if the current expanding phase is preceded by a contract-
ing one, thus opening the possibility for a replacement
of the standard inflationary scenario. In order to more
fully develop this scenario, one must go beyond the as-
sumption of isotropy and/or homogeneity. Third, as a
symmetry-reduced model of LQG to test main ideas of
the full theory, isotropic LQC is the simplest model, and
inclusion of anisotropy will provide more insights.
The loop quantization of Bianchi I model was initially
studied in [11] and more recently in [12, 13]. Due to the
underlying complexity of the partial difference equation
obtained in [13], numerical evolution of physical states
in this model are yet to be performed. Nevertheless, the
model proposed earlier by [12] is less complex and is stud-
ied more, although this quantization suffers from fiducial
cell scaling and infrared problems [14, 15].
On the other hand, the study in 2+1 dimensional grav-
ity has a long history and fruitful results. Usually it is
viewed as a simpler model of 3+1 dimensional gravity,
and thus may provides useful insights to solve some com-
plicated problems we encountered in 3+1 dimensional
gravity. In particular in the field of quantum gravity, 2+1
dimensional gravity is usually employed to test the va-
lidity of quantization procedure used in 3+1 dimensions
[16, 17], since a fully satisfied 3+1 dimensional quantum
gravity is still an open problem. In addition, it is also sig-
nificance that sometimes three dimensional gravity even
offers a possibility to understand the physical issues rel-
evant to four dimensional gravity [18, 19]. Moreover, the
2+1 dimensional cosmology is a rather active topic both
from classical and quantum perspectives [19–22]. Fur-
thermore, the precursor studies on 3+1 dimensional loop
quantum Bianchi I models show that the planar collapse
for Kasner-like solutions is not resolved by the quantum
effect[12]. The reason for this can be understood intu-
itively since in 3+1 dimensional case, we use the discreet-
ness of the area operator rather than the length operator
2as our fundamental building blocks. Thus the vanish-
ing behavior of the length scale factors aI remains [12].
However, in 2+1 dimensions, the spectrum of length op-
erator is fundamentally discreet, thus all the singularity
appeared in 2+1 dimensional classical Bianchi I model
are very likely to be resolved. Thus in this paper, we will
mimic the scheme proposed in [13], to study the quanti-
zation of Bianchi I model in 2+1 dimensions, instead of
the physical 3+1 dimensions.
This paper is organized as follows: After a brief intro-
duction in the beginning, we present the classical dynam-
ics of 2+1 dimensional Bianchi I models from Hamilto-
nian framework in Section II. With this classical Hamil-
tonian dynamics, in section III, we construct the corre-
sponding loop quantum cosmology of 2+1 dimensional
Bianchi I models. Then in sections IV and V, we discuss
the action of Hamiltonian operator and the properties
of quantum dynamics respectively. Some conclusions are
presented in last section.
II. CLASSICAL DYNAMICS OF 2+1
DIMENSIONAL BIANCHI I MODELS
A. The canonical pair of 2+1 dimensional Bianchi
I models
Let us start by summarizing the classical dynamics of
2+1 dimensional Bianchi I models. Our spacetime mani-
fold M is topologically R3. We restrict ourselves to diag-
onal Bianchi I metrics, given in terms of the directional
scale factors aI with I = 1, 2
ds2 = −N2dt2 + a21dx2 + a22dy2, (1)
where N represents the lapse. Since we consider noncom-
pact Bianchi I model and all fields are spatially homoge-
neous, we can introduce an elemental cell V and restrict
all integrations to it [23]. We choose elementary cell V as
its edges lie along the coordinate axis x, y. We fix a fidu-
cial flat metric oqab with line element ds
2
o = dx
2 + dy2.
We denote by oq the determinant of this metric, by LI
the lengths of the two edges of V as measured by oqab,
and by Vo = L1L2 the volume of V as measured by oqab.
Among the fiducial co-dyads compatible with oqab, we
select oωia, without generality, such that
oωIa = Dax
I , and oω3a = 0. (2)
With this fiducial structure at hand, we can now in-
troduce the phase space of 2+1 dimensional Bianchi I
models, which is reduced from the one of the full theory.
In the full theory of 2+1 dimensional LQG [17], the phase
space is spanned by a canonical pair (Aia, E
a
i ), with A
i
a
an su(2) connection and Eai = δijǫ
abeib the momentum
conjugate to Aia. And the symplectic structure is given
by
{Aia(~x), Ebj (~x′)} = 8πGγδbaδijδ(~x, ~x′). (3)
Because of Bianchi symmetry, the connections Aia are re-
duced to 2 constants cI , and the momenta Eai are reduced
to 2 constants pI :
AIa = c
I(LI)−1oωIa, and A
3
a = 0; (4)
EaI = pILIV
−1
o ǫ
abδIJ
oωJa , and E
a
3 = 0. (5)
Note that there is no summation over I and the repeated
upper and lower J is summed. The momentum variables
pI are directly related to the scale factors aI as
p1 = a1L2, p2 = a2L1. (6)
As we will see below, the connections cI are directly re-
lated to time derivatives of the scale factors. The result-
ing non-vanishing Poisson brackets are given by
{cI , pJ} = 8πGγδIJ , (7)
where γ is the Barbero-Immirzi parameter.
B. Evolution equations
Now we come to the constraints. Because we have re-
stricted ourselves to diagonal metrics and fixed the inter-
nal gauge, the Gauss and the diffeomorphism constraints
are identically satisfied. The Hamiltonian constraints can
be obtained by restricting the spatial integrations to the
fiducial cell V :
C = Cgr + CM =
∫
V
N(Hgr +HM)d2x, (8)
where N is the lapse and we will fix N = 1 in the fol-
lowing for simplicity. The gravitational and the matter
parts of the constraint densities are given by
Hgr = −
Eai E
b
j
16πGγ2
√
q
ǫijkFab
k (9)
HM = √qρM. (10)
Here Fab
k is the curvature of connection Aia, and ρM is
the energy density of the matter fields. The constraint
density in Eq. (9) is different from the one in full theory
of 2+1 dimensional LQG, by considering the flat-space
property of Bianchi I models. We consider a massless
scalar field T coupled to gravity, thus the Hamiltonian
constraint, in terms of induced variables, is given by
C = − c1c2
8πGγ2
+
p2T
2p1p2
, (11)
where pT is the conjugate momentum of the scalar field
T , and the matter energy density is given by ρM =
p2T /2V
2. From the Hamiltonian constraint (11), we find
that pT is a constant of motion and T is a monotonic
function of t. Thus scalar T can be considered as the
internal time. The Poisson brackets of the matter part
3is given by {T, pT} = 1. The time evolution of pI thus
yield
p˙1 = {p1, C} = −8πGγ ∂C
∂c1
=
c2
γ
(12)
p˙2 = {p2, C} = −8πGγ ∂C
∂c2
=
c1
γ
(13)
c˙1 = {c1, C} = 8πGγ ∂C
∂p1
= −8πGγp2ρM (14)
c˙2 = {c2, C} = 8πGγ ∂C
∂p2
= −8πGγp1ρM (15)
Combining Eqs. (6), (12) and (13), one gets
cI = γa˙JLI , (16)
with J 6= I. Eq. (16) shows the relation of connections
and time derivative of scale factors, as mentioned before.
Now we come to show that cIpI are constants of mo-
tion. From Eqs. (12)-(15), we have
d
dt
(cIpI) = −8πGγ C. (17)
Thus both of cIpI are constants of motion, since their
time derivatives are proportional to the total Hamilto-
nian constraint
Next, let us introduce the directional Hubble param-
eters HI ≡ a˙I/aI = p˙I/pI . Then using Eqs. (6) and
(16), the vanishing of Hamiltonian constraint (11) can
be written as
H1H2 = 8πGρM, (18)
where ρM = p
2
T /2p
2
1p
2
2 is the energy density of the matter
field T . From Eqs. (6) and (16), the directional Hubble
parameter can be also related to cIpI by
c1p1 = γVoa
2H2, c2p2 = γVoa
2H1. (19)
Here a ≡ √a1a2 denotes the mean scale factor, which
defines the mean Hubble parameter:
H ≡ a˙
a
=
1
2
(H1 +H2). (20)
Squaring Eq. (20) and using Eq. (18), we obtain the gen-
eralized Friedmann equation for 2+1 dimensional Bianchi
I models:
H2 = 8πGρM +
Σ2
a4
. (21)
Here
Σ2 ≡ a
4
4
(H1 −H2)2 (22)
is the shear term, which can be reexpressed by
Σ2 =
(c1p1 − c2p2)2
4γ2V 2o
, (23)
using Eq. (19). This expression, together with Eq. (17),
leads to the result that Σ2 is a constant of motion:
d
dt
(Σ) = 0. (24)
For the isotropic case, Σ = 0 and Eq. (21) reduces to the
usual Friedmann equation for 2+1 dimensional isotropic
cosmology [9].
Now we come to consider the reflections ΠI :
Π1(c1, c2) = (c1,−c2) (25)
Π1(p1, p2) = (−p1, p2). (26)
The action of Π2 is given by replacement (1↔ 2). Under
each of ΠI , the Hamiltonian constraint (11) is left invari-
ant. Therefore, in the classical theory, we can restrict
ourselves to the positive octant pI ≥ 0, and dynamics in
any other octant can be obtained by (combinations of)
reflections ΠI . We will see this reflection ΠI will play an
important role in quantum theory.
Now we restrict ourselves to the positive octant pI ≥
0, and solve the generalized Friedmann equation (21).
Using Eqs. (21) and (22), we have
p1p2HI =
√
4πGp2T +Σ
2V 2o ± ΣVo. (27)
Note that HI = p˙I/pI , hence we have
p1p2 = 2t
√
4πGp2T +Σ
2V 2o . (28)
And consequently we have
HI =
p˙I
pI
=
1
2t
(
1± ΣVo√
4πGp2T +Σ
2V 2o
)
, (29)
and its solutions are given by
pI(t) = pI(0)t
κI (30)
where the Kasner exponents κI are given as
κI =
1
2
± ΣVo√
16πGp2T + 4Σ
2V 2o
. (31)
From the Hamiltonian constraint (11), the solution of T
is given by
T = To +
κT√
8πG
ln t, (32)
with
κT =
√
8πGpT√
16πGp2T + 4Σ
2V 2o
. (33)
Using (31) and (33), we have
κ1 + κ2 = 1, κ
2
1 + κ
2
2 + κ
2
T = 1. (34)
The form of the solutions to 2+1 dimensional Bianchi I
model coupled with a massless scalar is very like the one
to the 3+1 Bianchi I model [12], as well as the ones to the
4arbitrary dimensional Bianchi I models [24]. Combing
Eqs. (30) and (32), pI can be given as a function of T
pI(T ) = pI(To)e
√
8piG
κI
κT
(T−To). (35)
From the expression of Kasner exponents (31), we have
κ1, κ2 > 0. Thus p1, p2 tend towards zero simultaneously,
so do the directional scale factors a1, a2.
1 This is different
from the singularities in 3+1 Bianchi I model coupled
with a massless scalar, where the scale factors in the three
directions approach zero not always together, and can be
classified into four types [25]. In 2+1 dimensional Bianchi
I models, the singularity occurs when the energy density
of the matter content plays an important role, and the
anisotropic shear does not play a dominant role.
C. From the action of 2+1 dimensional Bianchi I
models
The classical dynamics of 2+1 dimensional Bianchi I
models mentioned here, including the Poisson brackets
in Eq. (7) and the constraint in Eq. (11), is reduced
from the Hamiltonian framework of full theory of 2+1
dimensional LQG. Equivalently, it can be also derived by
Hamiltonian analysis of the action of Bianchi I models,
which is in terms of scale factors. To show this, we start
from the action of Bianchi I models:
Sgr =
Vo
8πG
∫
dt
√−gR (36)
with
√−g = Na1a2 the determinant of the metric given
by Eq. (1),
R =
∑
I
(
a¨I
N2aI
− N˙ a˙I
N3aI
)
+
a˙1a˙2
N2a1a2
(37)
the curvature scalar, and Vo =
∫
d2x the coordinate vol-
ume. The action in the equation above can be rewritten
by
Sgr = − Vo
8πG
∫
dt
a˙1a˙2
N
, (38)
up to boundary terms. By fixing the coordinate volume
Vo = 1 and the lapse N = 1, the Lagrangian density is
given by
Lgr = − a˙1a˙2
8πG
. (39)
The conjugate momentum of aI is given by
π1 :=
∂Lgr
∂a˙1
= − a˙2
8πG
, (40)
1 The approach to singularity for the vacuum 2+1 dimensional
Bianchi I model is different: one of the scale factors tends to
zero while the other approaches to constant.
and similarly for Π2. The Poisson bracket is given by
{aI , πJ} = δJI . (41)
The Hamiltonian density of gravitational part is given by
Hgr = a˙IπI − Lgr = −8πGπ1π2. (42)
Minimally coupled with a massless scalar field T , the
total Hamiltonian density is given by
H = −8πGπ1π2 + p
2
T
2a1a2
. (43)
Using the relations (6) and (16), the Poisson brackets (41)
and the Hamiltonian density (43) are equivalent to Eqs.
(7) and (11). Thus we can obtain the same generalized
Friedmann equation (21).
III. 2+1 DIMENSIONAL DIMENSIONAL LOOP
QUANTUM COSMOLOGY OF BIANCHI I
MODELS
In the full theory of 2+1 dimensional LQG, the spec-
trum of one dimensional “area” operator is discrete 2
and has a non-zero minimal value ∆ [17, 27, 28]. We
will use this minimal area ∆ to construct the curvature
in 2+1 dimensional LQC. For concreteness, we consider
a plaquette IJ and define curvature along this plaque-
tte. Here the sides of IJ are along diagonal directions
I, J , and the length of the sides are µ¯ILI and µ¯JLJ re-
spectively measured by fiducial metric oqab; the value of
µ¯ can be obtained from the minimal area ∆ by some
certain scheme.
In 3+1 loop quantum gravity, the so-called “improved
scheme” leads to very successful quantum dynamics in
isotropic case [29], where µ¯ ∝ 1/
√
|p|. This scheme is
extended to 3 + 1 Bianchi I models, in the literature in
two different approaches. In Bianchi I models, there are
three pi and three µ¯i (or µ¯
′). One scheme assumes that
µ¯i ∝ 1/
√
|pi| [12, 30], which suffers from fiducial cell
scaling and serious problems [14, 15]. The other scheme,
where µ¯′i ∝ 1/
√
|ai| [13, 30, 31], solves these problems.
Here we will mimic the latter to set µ¯′I ∝ 1/|aI | in 2+1
dimensional Bianchi I models. The former scheme is also
discussed in appendix A.
A. Quantum Kinematics
The gravitational part of kinematical Hilbert space is
given by HgrKin = L2(RBohr, dµBohr)⊗2 with the orthonor-
mal basis elements labeled by two real numbers |p1, p2〉,
2 In the full theory of 2+1 dimensional LQG, the spectrum of area
operator is discrete, if the gauge group is SU(2), as we consider
here. However, if non-compact group SO(2, 1) is considered in-
stead, the spectrum of spacelike intervals is continuous [26].
5where RBohr stands for the Bohr compactification of a
real line. The kinematical scalar product is defined as
〈p1, p2|p′1, p′2〉 = δp1,p′1δp2,p′2 . (44)
Any state |Ψ〉 ∈ HgrKin can be considered as a countable
linear combination of this orthonormal basis as
|Ψ〉 =
∑
p1,p2
Ψ(p1, p2)|p1, p2〉 with∑
p1,p2
|Ψ(p1, p2)|2 <∞. (45)
The elemental operators on the gravitational part of
kinematical space are momenta pˆI and SU(2) holonomies
along edge eI in the diagonal direction I
̂
h
(µ¯I )
I =
̂
cos
cI µ¯I
2
I+ 2
̂
sin
cI µ¯I
2
τI , (46)
where I is the identity matrix, τI = σI/2i with σi the
Pauli matrices, and µ¯ILI is the length of the edge with
respect to oqab. The action of the elemental operators
on the gravitational part of kinematical space HgrKin are
given by
pˆIΨ(p1, p2) = pIΨ(p1, p2), (47)
̂exp (iµ¯1c1)Ψ(p1, p2) = Ψ(p1 − 8πGγ~µ¯1, p2), (48)
and similarly for ̂exp (iµ¯2c2).
Next, for the matter part, the scalar field T is quan-
tized as usual:
TˆΨ(p1, p2, T ) = TΨ(p1, p2, T ),
pˆTΨ(p1, p2, T ) = −i~ d
dT
Ψ(p1, p2, T ),
where Ψ(p1, p2, T ) ∈ HgrKin ⊗L2(R, dT ). In the next sub-
section, we will introduce the Hamiltonian operator in
terms of these elemental operators, acting on the total
kinematical space HKin = HgrKin ⊗ L2(R, dT ).
B. Construction of Hamiltonian operator
To construct the Hamiltonian constraint operator, we
first express the curvature Fab
k in terms of holonomies:
Fab
k = −2
∑
I,J
Tr
(
hIJ−I
ArIJ
τk
)
oωIa
oωJb . (49)
Here hIJ ≡ h(µ¯
′
I )
I h
(µ¯′J )
J h
(µ¯′I)−1
I h
(µ¯′J )−1
J is the holonomy
around the plaquette IJ , whose sides are along diagonal
directions I, J and have length µ¯′ILI and µ¯
′
JLJ respec-
tively measured by fiducial metric oqab; ArIJ = µ¯
′
I µ¯
′
J is
the area of the plaquette IJ . And µ¯
′
I is given as
µ¯′1 =
∆
|p2| , µ¯
′
2 =
∆
|p1| , (50)
where ∆ is the minimal 1-dimensional “area”. Using the
formula (49) of curvature together with Thiemann’s trick
in 2+1 dimensional LQG [17]
1
2
ǫijkǫabE
a
jE
b
k =
1
2(8πGγ)2
ǫijkǫ
ab{Aja, V }{Akb , V },
the operator of the gravitational part of the Hamiltonian
constraint
Cgr = − 1
16πGγ2
∫
V
Eai E
b
j√
q
ǫijkFab
k (51)
can be given by
Cgr = 2
(8πG)3γ4
∑
I,J,K,L
ǫIJǫKL
µ¯′I µ¯
′
J µ¯
′
K µ¯
′
L
Tr(hIJhK{h−1K ,
√
V }hL{h−1L ,
√
V }), (52)
where hK is short for h
(µ¯′K)
K , the holonomy along edge eK in the diagonal direction K. If the Poisson brackets are
replaced by commutators : {, } → [, ]/i~, and if the observables are replaced by the corresponding operators, we will
obtain the operator of the gravitational part of the hamiltonian constraint, up to factor orderings
Cˆgr = 2
(8πG)3γ4
1
~2
∑
I 6=J,K 6=L
sin(µ¯′IcI) sin(µ¯
′
JcJ )
µ¯′K µ¯
′
L
µ¯′I µ¯
′
J
AˆKAˆL (53)
where
AˆK = (µ¯
′
K)
−2
(
cos(
µ¯′KcK
2
)
√
V sin(
µ¯′KcK
2
)− sin( µ¯
′
KcK
2
)
√
V cos(
µ¯′KcK
2
)
)
. (54)
6By expanding the summation over I 6= J,K 6= L, we will
find four terms of the same value. Thus
Cˆgr = 8
(8πG)3γ4~2
sin(µ¯′1c1) sin(µ¯
′
2c2)A1A2. (55)
The symmetrized operator is given by
Cˆgr = sin((µ¯′1c1))Aˆ sin(µ¯′2c2) + sin(µ¯′2c2)Aˆ sin(µ¯′1c1),
(56)
with
Aˆ =
4
(8πG)3γ4~2
Aˆ1Aˆ2. (57)
Before going to study the action of the Hamiltonian
operator in next subsection, we show the induced action
of reflections ΠI on the classical phase space.
On the space of wave functions Ψ(p1, p2), the two re-
flections ΠI on the classical phase space have a natural in-
duced action ΠˆI , for example, Πˆ1Ψ(p1, p2) = Ψ(−p1, p2).
We will assume that the wave function Ψ(p1, p2) is sym-
metric under the action ΠˆI , which implies
Ψ(p1, p2) = Ψ(|p1|, |p2|). (58)
On the quantum operators Oˆ, the induced action of re-
flections ΠˆI is given by
Oˆ → (ΠˆIOˆΠˆI)Ψ := ΠˆIOˆΠˆIΨ. (59)
Action of the reflections ΠˆI on elemental operators is
given by
ΠˆI pˆJ ΠˆI = sIJ pˆJ (60)
ΠˆI ̂exp (±iµ¯′JcJ)ΠˆI = ̂exp (±sIJ iµ¯′JcJ) (61)
with s
IJ
= ±1 given by
s
IJ
=
{ −1 if I = J ;
1 if I 6= J. (62)
For the matter part, both of Tˆ and pˆT are invariant un-
der reflections ΠˆI . From the action of reflections ΠˆI on
the elemental operators (60) and (61), we find the grav-
itational part of Hamiltonian operator (56) is reflection
symmetric:
ΠˆI CˆgrΠˆI = Cˆgr, (63)
just as in the classical theory. Therefore, its action is well
defined on HgrKin.
IV. ACTION OF HAMILTONIAN OPERATOR
To see explicitly the action of the Hamiltonian operator
(56), we introduce a new orthonormal basis |λ1, λ2〉 in
Hgrkin with
λI ≡ pI√
8π|γ|∆ℓP
, (64)
where ℓP = G~ is the Planck length in 2+1 dimensions
. The action of elemental operators on wave functions
Ψ(λ1, λ2) is given by
(pIΨ)(λ1, λ2) =
√
8π|γ|∆ℓPλIΨ(λ1, λ2), (65)
exp(±iµ¯′1c1)Ψ(λ1, λ2) = Ψ
(
λ1 ∓ 1|λ2| , λ2
)
, (66)
and similar for exp(±iµ¯′2c2). Equation (66) can be given
by the expression (50) of µ¯′I and the Poisson brackets,
which imply
exp(±iµ¯′IcI) = exp
(
∓8πγ∆ℓP|pJ |
d
dpI
)
, (67)
= exp
(
∓ 1|λJ |
d
dλI
)
=: E∓I (68)
with J 6= I.
To make the quantum dynamics easier to compare with
that of the Friedmann models in 2+1 dimensions [9], we
introduce the volume of the elementary cell V as one of
the arguments of the wave function, mimicking [13]. Set
v = 2λ1λ2, (69)
and use λ1, v as the configuration variables in place of
λ1, λ2, then the action of the volume of V on Ψ(λ1, v) is
given by
VˆΨ(λ1, v) = 4π|γ|∆ℓP|v|Ψ(λ1, v). (70)
We now restrict the argument of Cˆgr to the positive
octant. The action of AˆI in equation (54) on Ψ(λ1, v) is
given by
AˆIΨ(λ1, v) =
4π|γ|ℓP
i∆
λ2J(
√
|v − 1| −
√
|v + 1|)Ψ(λ1, v),
with J 6= I. Then the action of Aˆ in equation (57) on
Ψ(λ1, v) is given by
AˆΨ(λ1, v) = − πℓP
8πGγ∆
v2(
√
|v − 1| −
√
|v + 1|)2Ψ(λ1, v).
Now let us give the action of the gravitational part (56)
of the Hamiltonian operator:
CˆgrΨ(λ1, v) = f(v + 2)(Ψ+4 −Ψ+0 )− f(v − 2)(Ψ−0 +Ψ−4 ),
(71)
where
f(v) =
πℓP
32πGγ∆
v2(
√
|v − 1| −
√
|v + 1|)2,
and Ψ±0,4 are defined as follows:
Ψ±4 = Ψ(
v ± 2
v
λ1, v ± 4) + Ψ(v ± 4
v ± 2λ1, v ± 4), (72)
Ψ±0 = Ψ(
v ± 2
v
λ1, v) + Ψ(
v
v ± 2λ1, v). (73)
7Now we come to consider the operator of the matter
part of the Hamiltonian constraint, whose classical ex-
pression is given by
CM = p
2
T
2V
. (74)
When the inverse volume operator corresponding to 1/V
is defined, three ambiguities appear [32]:
1̂/V = (Vˆ )p
(
1
2sα
∣∣∣|Vˆ + α|s − |Vˆ − α|s∣∣∣) 1+p1−s , (75)
with p > 0, α > 0, and 0 < s < 1. These are all
reasonable inverse volume operators, since they anni-
hilate zero volume states and approximate to 1/V for
large V . The particular inverse volume operator in
2+1 dimensional FLRW model [9] is obtained by setting
α = 4πγ∆ℓP, s =
1
4 and p = 2:
V̂ −1Ψ(λ1, v) =
4|v|2
πγ∆ℓP
∣∣∣|v + 1|1/4 − |v − 1|1/4∣∣∣4Ψ(λ1, v)
=
B(v)
4πγ∆ℓP
Ψ(λ1, v), (76)
where B(v) ≡ 16 ∣∣|v + 1|1/4 − |v − 1|1/4∣∣4 is different
from the one defined in 2+1 dimensional FLRW model
[9] by a factor of 4πγ∆ℓP. We will use this particular
inverse volume operator in the following, to have the
Hamiltonian operator comparable to the one of 2+1 di-
mensional FLRW model. Thus the action of the mat-
ter part of the Hamiltonian operator on wave functions
Ψ(λ1, v;T ) ∈ HKin = Hgrkin ⊗ L2(R, dT ) is given by
CˆMΨ(λ1, v;T ) = − ~
2
4πγ∆ℓP
B(v)∂2TΨ(λ1, v;T ). (77)
Collecting the gravitational part (71) and the matter part
(77) of the Hamiltonian operator, we can express the van-
ishing of the total Hamiltonian operator as
∂2TΨ(λ1, v;T ) = [B(v)]
−1 (C+(v) (Ψ+4 (T )−Ψ+0 (T ))− C−(v) (Ψ−0 (T ) + Ψ−4 (T ))) , (78)
where
C+(v) =
4πγ∆ℓP
~2
f(v + 2)
=
π
8~
(v + 2)2(
√
|v + 1| −
√
|v + 3|)2, (79)
C−(v) =C+(v − 4) (80)
and Ψ±0,4(T ) are defined as follows:
Ψ±4 (T ) = Ψ(
v ± 2
v
λ1, v ± 4;T ) + Ψ(v ± 4
v ± 2λ1, v ± 4;T ),
(81)
Ψ±0 (T ) = Ψ(
v ± 2
v
λ1, v;T ) + Ψ(
v
v ± 2λ1, v;T ). (82)
V. PROPERTIES OF THE QUANTUM
DYNAMICS
A. Relation to the 2+1 dimensional LQC
Friedmann dynamics
In classical theory, the Friedmann model can be re-
duced from the Bianchi I model by applying isotropic
conditions a1 = a2 in 2+1 dimensional case or a1 = a2 =
a3 in 3+1 dimensional case. In 3+1 LQC, it is shown in
[13] that there is a natural projection from a dense sub-
space of the physical Hilbert space of Bianchi I model to
that of the Friedmann model. In this subsection, we will
mimic the 3+1 projection to construct a 2+1 dimensional
projection, which maps the Bianchi I Hamiltonian con-
straint (78) to that of 2+1 dimensional Friedmann model.
The idea is to integrate out the extra, anisotropic degrees
of freedom, which first appear in [33].
We define a projection P from states Ψ(λ1, v) of the
2+1 dimensional Bianchi I models to the states ψ(v) of
2+1 dimensional Friedmann model of [9] as follows:
Ψ(λ1, v)→ (PΨ)(v) =
∑
λ1
Ψ(λ1, v) ≡ ψ(v). (83)
Applying this projection map to the Hamiltonian opera-
tor (78), we find
∂2Tψ(v;T ) = 2[B(v)]
−1 (C+(v) (ψ(v + 4;T )− ψ(v;T ))− C−(v) (ψ(v − 4;T ) + ψ(v;T ))) , (84)
which is the total Hamiltonian operator of 2+1 dimen- sional Friedmann model. This result shows there is a
8simple and exact relation between quantum dynamics of
Bianchi I model and Friedmann model.
B. Effective equations
Because of the complexity of Bianchi I model, and the
set of our µ¯′I , it is not easy to carry out the semi-classical
analysis and derive the effective equation. In this sub-
section, we obtain effective equation by analog of the
classical equation, replacing cI by sin (µ¯
′
IcI)/µ¯
′
I . The ef-
fective equation obtained in this approach shows to be
the same with the one derived by semi-classical analysis
in isotropic case [9, 34] and the µ¯′i ∝ 1/
√
|pi| scheme of
Bianchi I model [12].
The effective Hamiltonian constraint is given by the
analog of classical form (11):
Ceff = Ceffgr + p1p2ρM, (85)
where
Ceffgr = −
p1p2
8πGγ2∆2
sin (µ¯′1c1) sin (µ¯
′
2c2). (86)
The vanishing of the effective Hamiltonian constraint
(85) gives upper bound of the matter density:
ρM = ρc sin (µ¯
′
1c1) sin (µ¯
′
2c2) ≤ ρc, (87)
where ρc = 1/8πGγ
2∆2 is the maximal density. Note
that the matter density becomes infinite at the big-bang
singularity in the classical evolution, thus the upper-
bounded density shows that the singularity is resolved
in the effective theory. This is different from the case in
3+1 dimensions. Remind that in 3+1 dimensions, the
planar collapse for Kasner-like solutions is not resolved
by the quantum effect and thus the vanishing behavior of
the length scale factors aI remains [12]. In 2+1 dimen-
sions, we only have one type of solution and the spectrum
of length operator is discreet, thus all the singularity ap-
peared in 2+1 dimensional classical Bianchi I model is
resolved.
Using Eq. (87), we can go further to define the effective
“directional” matter density,
ρI = ρc sin
2 (µ¯′IcI), (88)
which is also bounded by the maximal density ρc and
ρ1ρ2 = ρ
2
M. (89)
Effective equations are obtained via Poisson brackets
p˙1 ={p1, Ceff} = p1
γ∆
cos (µ¯′1c1) sin (µ¯
′
2c2), (90)
c˙1 =
c1p2
γ∆p1
sin (µ¯′1c1) cos (µ¯
′
2c2)− 16πGγp2ρM
=
c1
p1
p˙2 − 16πGγp2ρM, (91)
where the vanishing of effective Hamiltonian constraint
(85) is used, and p˙2, c˙2 can be obtained by replacement
of (1↔ 2).
The effective directional Hubble parameter is thus
given by
HI =
p˙I
pI
=
1
γ∆
cos (µ¯′IcI) sin (µ¯
′
JcJ), (92)
with J 6= I. Using definition of the shear in Eq. (22) and
the effective directional Hubble parameter in Eq. (92),
the effective shear is given by
Σ¯ = − p1p2
2γ∆Vo
sin (µ¯′1c1 − µ¯′2c2), (93)
which implies the fact that the effective shear is finite
throughout the evolution. However, in effective theory,
the shear is no longer a constant of motion as it is in
classical theory.
Using the effective directional Hubble parameter in Eq.
(92), the effective mean Hubble parameter can be given
by
H =
1
2
(H1 +H2) =
1
2γ∆
sin (µ¯′1c1 + µ¯
′
2c2). (94)
Using Eq.s (87), (88) and (93), the square of the effective
Hubble parameter in Eq. (94) can be given by
H2 = 8πGρM
√
1− ρ1
ρc
√
1− ρ2
ρc
+
Σ¯2
a4
. (95)
For the isotropic case, the effective shear term vanishes,
and ρ1 = ρ2 =
√
ρM, thus the effective generalized Fried-
mann equation (95) will reduce to the usual Friedmann
equation in 2+1 dimensional Friedmann model [9]: H2 =
8πGρM(1 − ρM/ρc). For the classical limit, µ¯′IcI << 1,
we have sin (µ¯′IcI) → µ¯′IcI and cos (µ¯′IcI) → 1, thus the
effective generalized Friedmann equation in (95) will ap-
proximately become the classical generalized Friedmann
equation (21). If we drop the higher order, Eq. (95)
becomes
H2 = 8πGρM
(
1− ρM
ρc
)
+
Σ¯2
a4
(
1− 2ρM
ρc
)
+O ((µ¯′IcI)4) . (96)
Again we can see in the classical limit ρM << ρc, it will go
to the generalized Friedmann equation (21). Vanishing
of the Hubble parameter in Eq. (96) will give the matter
energy density at the bounce
ρbounce ≈ ρc
2
− Σ¯
2
8πGa4
+
√(ρc
2
)2
+
(
Σ¯2
8πGa4
)2
,
which is bounded by ρc.
VI. CONCLUSIONS
This paper gives the detailed construction of loop
quantum cosmology of Bianchi I models in 2+1 dimen-
sions . Both the µ¯ and µ¯′ schemes which appeared in four
dimensional case are successfully deployed. In order to
9make this paper as compact as possible, we only discuss
the more physical intuitively µ¯′ scheme in the main text,
while leave the discussion of µ¯ scheme in the appendix.
Our results show that the discreteness of the underlying
quantum geometry of 2+1 dimensions again gives rise to
a difference equation which represents the evolution of
the three dimensional universe.
Meanwhile, we interestingly observe that in 2+1 di-
mensions also admitting some new features. More pre-
cisely, in 3+1 dimensions, the planar collapse for Kasner-
like solutions is not resolved by the quantum effect and
thus the vanishing behavior of the length scale factors
aI remains. However, we only have one type of solution
and note that in 2+1 dimensional case, the spectrum of
length operator is discreet, thus all the singularity ap-
peared in 2+1 dimensional classical Bianchi I model is
resolved. Of course, the results in present paper is still
quite preliminary and requires further investigations.
There are several possible extensions of our results.
The first one is to generalize our result to higher dimen-
sions. while the second one is more interesting and sub-
tly. Namely, our results can serve as the first step of
link LQC from LQG in 2+1 dimensions. Indeed, some
efforts have been done towards this important direction
directly from 3+1 dimensions [35–46]. However, since
the complete understand of the dynamics of LQG in 3+1
dimensions is still lacking. Therefore lessons from 2+1 di-
mensions might be valuable, since the 2+1 dimensional
quantum gravity is proven to be exactly solveable.
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Appendix A: Alternate quantization
In this appendix, we consider the effective dynamics
from an alternative scheme, which assumes that µ¯i ∝
1/
√
|pi| in 3+1 Bianchi I model [12, 30]. For 2+1 dimen-
sional Bianchi I model, µ¯ in this scheme is given as
µ¯I =
∆
|pI | . (A1)
In this scheme, the effective Hamiltonian constraint is
given by
Ceff = Ceffgr + p1p2ρM, (A2)
where
Ceffgr = −
p1p2
8πGγ2∆2
sin (µ¯1c1) sin (µ¯2c2). (A3)
Although Eq. (A2) seems the same in form as Eq. (11),
they are different, since they have different definition of
µ¯I . Since they are same in form, the vanishing of Eq.
(A2) gives the same upper bound of the matter density:
ρM = ρc sin (µ¯1c1) sin (µ¯2c2) ≤ ρc. (A4)
The effective equations are different:
p˙1 =
p2
γ∆
cos (µ¯1c1) sin (µ¯2c2) (A5)
c˙1 =
c1p2
γ∆p1
cos (µ¯1c1) sin (µ¯2c2)− 16πGγp2ρM
=
c1
p1
p˙1 − 16πGγp2ρM, (A6)
where the vanishing of the effective Hamiltonian con-
straint (A2) is used. We have shown in section II B that
cIpI are constants of motion in classical theory. Their
effective analogs in the scheme (A1) can be defined as
GI := pI sin (µ¯IcI)
µ¯I
=
p2I
∆
sin (µ¯IcI), (A7)
with the time derivative
d
dt
GI = 0. (A8)
Hence GI are constants of motion in effective theory.
However, this form defined in the scheme (50) is not con-
stant anymore. The vanishing of the effective Hamilto-
nian constraint (A2) gives
G1G2 = 4πGγ2p2T . (A9)
Using Eqs. (A5) and (A7), we have
dp1
dT
=
G2
γpT
√
p21 −
G21∆2
p21
, (A10)
which gives the solution to the effective equations:
p1(T ) =
√
1
2
(
G21∆2e−
2G2
γpT
(T−To) + e
2G2
γpT
(T−To)
)
,(A11)
and similarly for p2(T ).
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